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We examine Higgs bundles for non-compact real forms of SO(4,C)
and the isogenous complex group SL(2,C)× SL(2,C). This involves
a study of non-regular fibers in the corresponding Hitchin fibrations
and provides interesting examples of non-abelian spectral data.
To Karen Uhlenbeck, with gratitude for her and her mathematics over the
years, on the occasion of her 75th birthday.
1. Introduction
The celebrated Hitchin fibration introduced in [1] is a map from M(G),
the moduli space of G-Higgs bundles on a closed surface Σ to a vector space
defined by holomorphic differentials on the surface (see Section 2 for details).
Through the eigenvalues of the Higgs field, each point in the base defines
a curve called a spectral curve contained in the total space of the canonical
bundleK. The generic fibers are abelian varieties (in many cases Jacobian or
Prym varieties defined by the spectral curves) obtained via the eigenspaces
of the Higgs field. The fibration has many remarkable features, not the least
of which is that exhibits the mirror symmetry proposed by Strominger-Yau-
Zaslow [2]. A fundamental feature of this fibration, namely the compactness
of its fibers, is a direct consequence of Karen Uhlenbeck’s seminal result
on connections with Lp bounds on curvature [3]. We thus hope that what
follows, in which the Hitchin fibration plays a prominent role, may be viewed
as an appropriate tribute to Karen and her mathematics.
In [4] we used a fiber product construction on spectral curves to describe
the relation between spectral data for generic fibers in the Hitchin fibrations
on a pair M(G) and M(G′), where G and G′ are isogenous Lie groups.
Our definition of genericity ensured that all spectral curves were smooth.
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We considered two cases coming from special isomorphisms between low-
dimensional Lie algebras, namely for SO(4,C) and SO(6,C). Our fiber prod-
uct construction for smooth spectral curves has since been generalized (see
[5]) to study G-Higgs bundles for products of groups G = G1 ×G2.
In this paper we move beyond the generic case and explore some singular
fibers in the fibrations for the pair of groups (G = SL(2,C)× SL(2,C) and
G = SO(4,C)). Our choice of which fibers to examine is dictated by the non-
compact real forms Gr for those groups. For any pair Gr ⊂ G, the moduli
space M(Gr) defines a subvariety of M(G). If Gr is a split real form then
M(Gr) intersects every fiber of the Hitchin fibration for M(G) but this is
not so in the case of other real forms [6]. Indeed in the cases we consider,
the intersection with generic fibers is empty.
The singular fibers we examine are those that contain the Higgs bundles
for the non-split real forms of our isogenous pair (see Section 3 for details).
Our overall goal is to examine how the fiber product construction extends
to singular situations. For this we consider the Hitchin fibrations for the
complex groups and describe the full fibers over the points in the base cor-
responding to our singular spectral curves, and identify their intersections
with the Higgs bundle moduli spaces for the real forms. In particular, we
see in Section 4 and Section 5 that the latter are abelian varieties for which
we get explicit geometric descriptions.
An alternative approach to our questions is provided by so-called cam-
eral data for Higgs bundles. Pioneered by Donagi and Gaitsgory for complex
G (see [7] and [8]) the methods have recently been extended to real forms
(see [9, 10]). While in some ways this is a natural language for comparing
Higgs bundles related to different representations of a given group, it is more
abstract than the concrete, more geometric, descriptions of spectral data, at
least for generic fibers of Hitchin fibrations. It remains an interesting chal-
lenge to harness the power of the abstract machinery to address the specific
situation described above and to compare the results with our approach.
Summary of main methods and results. Our basic construction takes
a pair of SL(2,C)-spectral curves, say S1 and S2, and builds an SO(4,C)-
spectral curve from the fiber product S1 ×Σ S2. By the work of Simpson
[11], the points in the fiber of a Hitchin fibration can be identified with rank
one torsion-free sheaves on the spectral curve. In the regular locus, where S1
and S2 are smooth and have disjoint ramification divisors, the sheaves are
line bundles and a natural box-product construction relates the line bundles
for the SL(2,C) × SL(2,C)-Higgs bundles to the SO(4,C)- spectral line
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bundles [4]. The corresponding constructions for the non-smooth spectral
curves require more intricate algebraic geometry of torsion free sheaves on
singular curves.
The case of SL(2,C) and SO(1, 3) is studied in Section 4, where SL(2,C)
is regarded as a real form of SL(2,C)× SL(2,C), isogenous to the real form
SO0(1, 3) ⊂ SO(4,C). The image of the isogeny map at the level of Higgs
bundles is described in Proposition 19 and Proposition 20.
Theorem A. Restricted to the SL(2,C)-Higgs bundles from Definition 16,
the isogeny (3.1) gives a map
I2
(
V ⊕ V, (ϕ 0
0 −ϕ
))
=
(
O ⊕ Sym2V,
(
0 β
−βT 0
))
,(1.1)
where β =
[−c 2a b] when ϕ = [a bc −a], and the orthogonal structure on
Sym2V comes from the orthogonal structure on V .
Moreover, if (O ⊕W,Φ) represents a point in the component
M+(SO0(1, 3)) ⊂M+(SO(4,C))
then W = Sym2V for V a rank two bundle with trivial determinant, and the
orthogonal structure on W as above.
Whilst the generic intersection of SO(3, 1)-Higgs bundles with the fibres
of the SO(4,C) Hitchin fibration was described in [12, Section 7] where
it is shown that it admits the structure of an abelian group, one further
refinement leads to a more precise description for the identity component of
SO0(3, 1)-Higgs bundles which appear in the image of the isogeny map:
Proposition 25 The locus of SO0(1, 3)-Higgs bundles (E,Φ) inside the fibre
of the Hitchin fibration over
det(η − Φ) = η2(η2 − 4q),
where q ∈ H0(Σ,K2) is a quadratic differential with only simple zeros, is
isomorphic to the dual of the Prym variety, which for S := {η2 − q = 0} is
given by
Prym(S,Σ)/Pic0(Σ)[2].
When considering SU(2)× SL(2,R), the spectral curves S1 and S2 are
the non-reduced multiplicity two curve 2Σ and a generically smooth double
✐✐
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cover S. In this case, as shown in Section 5, the fiber product construction
yields a singular curve 2Σ×Σ S which is a split ribbon on the curve S.
Moreover, we show in Proposition 36 that one has a blow-up map + : 2Σ×Σ
S → 2S , through the restriction of the plus map. In this case we find that
our fiber product construction leads to the following (see Proposition 32,
Proposition 36, Proposition 37 and Proposition 40):
Theorem B. The isogeny I2 induces a map on SU(2)× SL(2,R)-Higgs
bundles whose image is
I2((U, 0), (N ⊕N∗,Φ)) = (UN ⊕ UN∗, Q, I ⊗Φ) ∈ M(SO∗(4)),
where the orthogonal structure Q comes from the symplectic structures on U
and N ⊕N∗. In the fibers of the SL(2,C)× SL(2,C)-Hitchin fibration over
points giving the spectral curve S = {0 = η2 − q} of an SU(2)× SL(2,R)-
Higgs bundles with spectral data (2Σ, E) and (S,L) for L ∈ Prym(S,Σ)[2],
the spectral data corresponding to the SO∗(4)-Higgs bundle in the image of
I2 is (S˜, L˜), where
• the curve S˜ = +(2Σ×Σ S), and
• the line bundle L˜ = +∗(E ⊠ L), for ⊠ as defined as in Proposition 37.
The spectral data for SO∗(4))-Higgs bundles (E,Φ) was considered in
[13] as an example of nonabelianization of spectral data for real Higgs bun-
dles: the spectral data was described there as given by a curve defined
through
√
det(Φ − ηId) and a rank 2 vector bundle on it satisfying cer-
tain conditions, and whose direct image is E. The relation between this
perspective and that of Theorem B. is explored in Proposition 38.
Finally, we should mention that the isogeny between SU(2)× SL(2,R)
and SO∗(4), and the induced maps between the corresponding Higgs bun-
dles, turn out to be a useful device for exploring expected consequences of
mirror symmetry, which we shall do across the paper. Recall that Kapustin-
Witten [14] used Higgs bundles to obtain a physical derivation of the geo-
metric Langlands correspondence through mirror symmetry. In this setting,
Higgs bundle moduli spaces for a complex Lie group GC and its Langlands
dual group LGC are a mirror pair in the sense of the SYZ conjecture [2],
where the two Hitchin fibrations give the dual fibrations: the non-singular
fibers of M(GC) and M(LGC) are dual abelian varieties.
Given a real form G of a complex reductive group GC, Higgs bun-
dles in M(GC) admitting a structure of G-Higgs bundles form a complex
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Lagrangian subvariety, which is an example of (the support) of what physi-
cists call a (B,A,A)-brane. According to mirror symmetry, (B,A,A)-branes
onM(GC) should correspond to branes of type (B,B,B) onM(LGC), which
are hyperholomorphic branes (see e.g. [14]). Moreover, the support of this
dual brane (B,B,B)-brane has been conjectured by Baraglia and Schapos-
nik [15] to correspond to Higgs bundles for the associated Nadler group [15].
We shall comment on this when considering each moduli space of real Higgs
bundles.
2. Higgs bundles and the Hitchin fibration
Throughout the paper we shall consider a fixed Riemann surface Σ over C
of genus g ≥ 2. The canonical bundle of Σ shall be denoted by π : K → Σ,
its total space by |K|, and η ∈ H0(|K|, π∗K) its tautological section.
2.1. General features
Throughout the paper we consider Higgs bundles for complex groups GC
as well as for real forms of these groups. We will need only the special
cases where GC is SL(n,C) or SO(n,C) but for the sake of completeness we
include here some of the main general definitions following [1, 16].
Definition 1. For any complex reductive group GC, a GC-Higgs bundle on
Σ is given by a pair (PGC ,Φ) for PGC a principal GC-bundle on Σ, and the
Higgs field Φ a holomorphic section of AdPGC ⊗K, for AdPGC = PGC ×Ad gC
the adjoint bundle associated to PGC .
In order to construct Gr-Higgs bundles for a real form Gr of GC, fix H a
maximal compact subgroup of Gr, and the Cartan decomposition g = h⊕m,
for h the Lie algebra of H and m its orthogonal complement. Through the
induced isotropy representation Ad|HC : HC → GL(mC), we can define:
Definition 2. Given Gr a real form of a complex reductive Lie group GC,
and with HC and m
C as above, a Gr-Higgs bundle on Σ is a pair (PHC ,Φ)
where PHC is a holomorphic principal H
C-bundle on Σ, and Φ is a holomor-
phic section of PHC ×Ad mC ⊗K.
Remark 3. Following [1] if GC ⊆ SL(n,C), (or is a real form of G) we may
replace (PGC ,Φ) with the Higgs pair (E,Φ) where E is a rank n holomor-
phic vector bundle, the Higgs field Φ : E → E ⊗K is a holomorphic endo-
morphism, and the pair (E,Φ) satisfies extra conditions determined by the
✐✐
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group. For example, if GC = SL(n,C), the extra conditions are det(E) ≃ O
and Tr(Φ) = 0.
For G either complex reductive or a real form thereof, there is a notion
of stability inspired by GIT which permits the construction of moduli spaces
M(G) of Higgs bundles, whose points represent equivalence classes of semi-
stable objects. Equivalently,M(G) may be constructed as gauge-equivalence
classes of solutions to gauge-theoretic equations known as the Hitchin equa-
tions, and the equivalence of the two constructions is the result of a suitable
version of the Hitchin-Kobayashi correspondence.
A powerful way of studying the moduli spaces MGC of GC-Higgs bun-
dles is through the Hitchin fibration [1]. To define it, consider a homoge-
neous basis of invariant polynomials {p1, . . . , pk} on the Lie algebra of GC,
of degrees {d1, . . . , dk}. Then, the Hitchin fibration is given by
h : MGC −→ AGC :=
k⊕
i=1
H0(Σ,Kdi),(2.1)
where h : (E,Φ) 7→ (p1(Φ), . . . , pk(Φ)) is referred to as the Hitchin map: it
is a proper map for any choice of basis.
The fibers of this fibration can be described using spectral data for Higgs
bundles. From this perspective, a GC-Higgs bundle (E,Φ) defines a spectral
curve, an algebraic curve S = {det(Φ− ηId) = 0} ⊂ |K| which is a ramified
covering of Σ in which the preimage of a point x ∈ Σ encodes the eigenvalues
of the Higgs field Φ(x). We say that (E,Φ) lies in the regular locus ofM(GC)
if the curve S is non-singular. The fibers in the regular locus are called the
regular fibers of the Hitchin fibration.
The generic fibres of the Hitchin fibration are abelian varieties (the Jaco-
bian Pic0(S) or abelian subvarieties), and the Higgs pairs (E,Φ) are recov-
ered from the spectral data as follows: given a line bundle L ∈ Pic0(S), one
recovers a Higgs bundle by considering E = π∗L and Φ as the direct image
of the tautological section of π∗K. But adding extra conditions to the spec-
tral curve or the line bundle, one recovers Higgs bundles for subgroups of
GL(n,C) – see [1] for classical complex groups, [17] for a more general set-
ting (including integral curves), and [6, 18–22] for the case of real forms of
these groups. More generally, away from the regular locus, Simpson showed
in [23] that the line bundle L must be replaced by a rank one torsion free
sheaf supported on S and that the fibers of the Hitchin fibration can be
identified with moduli spaces of semistable sheaves of this type. This will
✐✐
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be important in Sections 4 and 5 where we are forced to confront singular
spectral curves.
Remark 4. The inclusion of a real form in its complexification as the fixed
point locus of an anti-holomorphic involution induces an anti-holomorphic
involution on the moduli space M(GC), through which M(Gr) ⊂M(GC)
lies as the fixed point locus – from this perspective that one can see real Higgs
bundles within the Hitchin fibration (see [6, 24], and references therein).
Unless needed, we will not distinguish M(Gr) from its image in M(GC).
2.2. SL(n,C)-Higgs bundle
From Definition 1 and Remark 3, an SL(n,C)-Higgs bundle (E,Φ) consists
of a rank n holomorphic bundle E with trivial determinant, and a Higgs
field Φ for which Tr(Φ) = 0. The non-compact real forms of SL(n,C) are the
split form SL(n,R) and the special unitary groups with indefinite signature
SU(p, q) with p+ q = n. In the case of SL(2,C), the real forms SL(2,R)
and SU(1, 1) are isomorphic. Since no other cases of SU(p, q) will be needed
we describe just the case SL(2,R), first described in [24].
Remark 5. From Definition 2 and Remark 3, an SL(2,R)-Higgs bundle
can be described by a pair (E,Φ) where E = L⊕ L∗ for a holomorphic
line bundle L on Σ, and the Higgs field Φ =
(
0 β
γ 0
)
where the maps β ∈
H0(Σ, L−2 ⊗K) and γ ∈ H0(Σ, L2 ⊗K).
From Remark 5 an SL(2,R)-Higgs bundle is a triple (L, β, γ). When
deg(L) = 0, the Higgs bundle is always semistable; otherwise the semistabil-
ity condition reduces to the condition that β 6= 0 (if deg(L) < 0) or γ 6= 0 (if
deg(L) > 0). Then, it follows that |deg(L)| ≤ g − 1 if (L, β, γ) is semistable.
The Higgs field in an SL(n,C)-Higgs bundle defines a spectral curve
S := {0 = det(Φ− ηId)} = {0 = ηn + a2ηn−2 + a3ηn−3 + . . .+ an−1η + an}
where ai ∈ H0(Σ,Ki), and η is the tautological section of π∗K. The fibers
in the regular locus of the Hitchin fibration are isomorphic to Prym varieties
Prym(S,Σ), where the Prym conditions required for detE ∼= O [16]. In the
case of SL(n,R)-Higgs bundles, it is shown in [6, Theorem 4.12] that they
correspond to torsion two points in the fibres of the Hitchin fibration.
✐✐
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2.3. SO(n,C)-Higgs bundle
From Definition 1 and Remark 3, an SO(n,C)-Higgs bundle may be defined
by the data ((E,Q, δ),Φ) where (E,Q, δ) denotes a holomorphic vector bun-
dle of rank n with a non-degenerate symmetric bilinear form Q and a com-
patible trivialization δ of the determinant bundle ΛnE, and
Φ ∈ H0(Σ,End(E)⊗K) is a Higgs field which is skew-symmetric with respect
to Q. If no confusion will result we sometimes suppress the bilinear form Q
and the trivialization δ, and denote the SO(n,C)-Higgs bundle by the pair
(E,Φ).
The moduli space M(SO(n,C)) has two connected components, which
we shall write as M±SO(2m,C), labeled by the second Stiefel-Whitney class
w2(E) ∈ H2(Σ,Z2) ∼= Z2 [24], i.e.
MSO(2m,C) =M+SO(2m,C) ∪M−SO(2m,C) ⊆MSL(2m,C).
As in [25], we shall let M+SO(n,C) be the component where w2(E) = 0 or,
equivalently, in which E has a lift to a spin bundle.
The non-compact real forms of SO(n,C) include the groups SO(p, q)
with p+ q = n and, if n is even, the group SO∗(n). In this paper we consider
only SO(4,C). In this case, SO(4,C) has three real forms, namely SO(1, 3),
the split real form SO(2, 2), and SO∗(4). Setting aside the split real form
(which we discuss in [4]) we are thus left with SO(1, 3) and SO∗(4), which
we shall discuss in later sections.
The spectral data for SO(n,C)-Higgs bundles is described in [1] and [26]
(see also [12]). In the case of interest in this paper, namely SO(4,C)-Higgs
bundles, the characteristic polynomials are of the form
det(Φ − ηId) = η4 + b1η2 + b22(2.2)
where b1, b2 ∈ H0(Σ,K2). Thus the base of the SO(4,C)-Hitchin fibration
is ASO(4,C) = H0(Σ,K2)⊕H0(Σ,K2). Whilst the curves defined by (2.2)
are necessarily singular, for generic choices of a1 and b1 there are smooth
curves defined by their normalization, and the smoothness of these normal-
ized curves defines the regular locus in the base of the Hitchin fibration, and
the regular fibres are given by Prym varieties of those smooth curves.
Remark 6. We will use the convention that the spectral curve in the fiber
h−1SO(4,C)(b1, b2) is defined by the vanishing of the polynomial in (2.2).
✐✐
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2.4. Hitchin fibers on ribbons
In Sections 4-5 we are forced to consider non-integral spectral curves, and
in particular the so-called ribbons. We describe here some features of such
curves and of the rank 1 torsion-free sheaves which they support (c.f. [25]).
Definition 7. Let S be a non-singular irreducible projective curve over C.
A ribbon X on S is a curve such that Xred ∼= S, the ideal sheaf I of S in
X satisfies I2 = 0, and I is an invertible sheaf on S.
In this paper we encounter two specific examples of ribbons, both of
which arise as spectral curves. The first example is the spectral curve in the
nilpotent cone of the SL(2,C)-Hitchin fibration, i.e. the ribbon on Σ defined
by the characteristic equation η2 = 0.
In the second example that we encounter X is the non-reduced inside
|K| defined by the zeros of (η2 − π∗q)2 ∈ H0(|K|, π∗K4). As shown in [13],
ribbons of this type arise as spectral curves for certain Gr-Higgs bundles.
The full fibers over these points in the Hitchin fibrations for the complex
groups have been completely described in [25]. In what follows we shall recall
from [25] the description of the singular fibre h−1SL(4,C)(X) (resp. h
−1
SO(4,C)(X))
of the Hitchin fibration for SL(4,C) (resp. SO(4,C)).
We will assume that q ∈ H0(Σ,K2) has only simple zeros. In this case, X
is a ribbon over the smooth curve S = Xred and the ideal sheaf corresponding
to the natural inclusion i : S →֒ X is isomorphic to K∗S ∼= π∗K−2. Denoting
the restrictions of π : K → Σ to X by the same letter, one has a finite flat
morphism of degree 4, and by restricting to the reduced scheme one has a
ramified double covering πred : S → Σ.
2.4.1. The SL(4,C) case. In this section we assume that S is a smooth
spectral curve and X is a ribbon on S. The fibre h−1SL(4,C)(X) is isomorphic
to Simpson’s moduli space parametrizing semi-stable rank 1 torsion-free
sheaves E on X satisfying det(π∗E) ∼= OΣ. Rank 1 torsion-free sheaves on
X are either rank 2 vector bundles on the reduced curve or generalized line
bundles on X (i.e. torsion-free sheaves which are invertible in a Zariski open
subset) and the fibre has several irreducible components.
Theorem 8 (See [25] Theorem 0.2). The fibre h−1SL(4,C)(X) is a disjoint
union of N(SL(4,C)) = {E ∈ US(2, 4m(g − 1)) | det(πred,∗E) ∼= OΣ)} and
spaces Ad for d = 1, . . . , 4(g − 1), where Ad → Zd is an affine bundle on
Zd = {(L,D) ∈ Picd2(S)× S(d) | L2(D)⊗ π∗redK−3 ∈ Prym(S,Σ)}
✐✐
“Final˙BBS” — 2020/8/6 — 2:45 — page 10 — #10
✐
✐
✐
✐
✐
✐
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in which the fibre at (L,D) ∈ Zd is isomorphic to H1(S,K∗S(D)), for the
degrees d = −2d+ 2(g
S
− 1) and d2 = (k − d)/2.
The components of h−1SL(4,C)(X) can be understood in terms of the cor-
responding Higgs bundles: indeed, consider Higgs bundles (E,Φ) such that
det(Φ− ηId) = (η2 − q)2. In this case one has (Φ2 − IdV ⊗ q)2 = 0 but when
Φ2 − IdV ⊗ q = 0, the corresponding rank 1 torsion-free sheaf is supported
on S and thus must be locally-free of rank 2. Hence, the rank two sheaves in
N correspond to Higgs bundles (V,Φ) ∈ h−1SL(4,C)(X) such that Φ2 − IdV ⊗
q : V → V ⊗K2 vanishes identically.
In order to understand the spaces Ad, note that if L ∈ h−1SL(4,C)(X) \N
then the corresponding Higgs bundle can be expressed as an extension of
Higgs bundles 0→W1 → V→W2 → 0, where Wi = (Wi,Φi) = πred∗(Li, η)
for i = 1, 2 are rank 2 Higgs bundles corresponding to the line bundles Li
on S of degree di = (−1)id+ 2(g − 1), with L1L2π∗redK ∈ Prym(S,Σ) and
0 < d = deg(W2) = − deg(W1) ≤ gS − 1 = 4(g − 1). These extensions are in
bijection with the space of infinitesimal deformations of the Higgs bundle
W
∗
2 ⊗W1, i.e., each such V corresponds to an element δ = δ(V) of the first
hypercohomology group K1 = K1(Σ,W∗2 ⊗W1). Since K1 fits into the short
exact sequence 0→ H1(S,L∗2L1)→ K1 ς−→ H0(S,L∗2L1KS)→ 0 one has that
Ad =
 δ ∈ K1
∣∣∣∣ i. Wi = πred∗(Li, η), where Li ∈ Pic
di(S),
ii. L1L2π
∗
redK ∈ Prym(S,Σ),
iii. ς(δ) 6= 0.
 .
In particular, setting d = deg(L∗2L1KS) = −2d+ 8(g − 1), we have the nat-
ural map pd : Ad → Zd. Thinking of the affine bundle Ad as the space of
generalized line bundles E (with det(π∗E) ∼= OΣ) which fail to be invertible
in some effective divisor DE on S of degree d, we can interpret the compo-
sition Ad → Zd → S(d), in terms of (non-proper) Prym varieties.
Proposition 9 (See [25] Proposition 0.5). The fibre of the map Ad →
S(d) at an effective divisor D is a torsor for the Prym variety P(X′,Σ), where
X ′ is the blow-up of X at D (where the Cartier divisor D is considered
as a closed subscheme of X). In particular, the Prym variety P(X,Σ) is
isomorphic to A4(g−1) and it has 2
2g connected components.
2.4.2. The SO(4,C) case. For a generic pointX in the SO(4,C) Hitchin
base, one may see h−1SO(4,C)(X) as a closed subscheme of h
−1
SL(4,C)(X), which
in turn is isomorphic to Simpson’s moduli space parametrizing semi-stable
✐✐
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rank 1 torsion-free sheaves E on X satisfying det(π∗E) ∼= OΣ [27]. Then, one
may recover the components corresponding to SO(4,C) Higgs bundles by
imposing some extra conditions on the data defining the SL(4,C)-fibre.
The closed subscheme of h−1SO(4,C)(X) ∩N(SL(4,C)) corresponds to
N(SO(4,C)) =
{
E ∈ US(2, 4(g − 1))
∣∣∣∣ ∃ ψ : σ∗E → E∗ ⊗ π∗K2m−1isomorphism s.t. t(σ∗ψ) = −ψ.
}
,
and we define N0(SO
∗(4)) := {E ∈ N(SO(4,C)) | det(E) ∼= π∗redK}. In the
other components, the orthogonal structure and smoothness of the reduced
spectral curve S impose constraints on extensions of Higgs bundles.
Theorem 10 (See [25] Theorem 0.3). The fibre h−1SO(4,C)(X) is a dis-
joint union of N(SO(4,C)) and Ad(SO(4,C)) for d = 1, . . . , 2(g − 1), where
N(SO(4,C)) is as above, and Ad(SO(4,C)) are affine bundles on
Zd(SO(4,C)) = {(M,D′) ∈ Picd2(S)× Σ(d′) | Mσ∗M ∼= π∗red(K2(−D′))},
in which the fiber at (M,D′) is isomorphic to H1(Σ,K∗(D′)).
Moreover, N(SO(4,C)) has 2 connected components N±(SO(4,C)) cor-
responding to the parity of σ-isotropic line subbundles, and thus to the parity
of the second Stiefel-Whitney class of the bundle underlying the correspond-
ing Higgs bundle. In particular, N0(SO
∗(4)) is contained in N+(SO(4,C)),
where Higgs bundles have w2 = 0. As shown in [25], each stratum has dimen-
sion dimSO(4,C)(g − 1), and
h−1SO(4,C)(X) ∩M±(SO(4,C)) = N±(SO(4,C)) ∪
g−1⋃
d=1
Ad±(SO(4,C)),
for d+ = 2d and d− = 2d− 1. The irreducible components of h−1SO(4,C)(X) are
the Zariski closures of Ad(SO(4,C)), for 1 ≤ d ≤ 2(g − 1), and N(SO(4,C)).
Proposition 11. [See [25] Proposition 0.7] Let D be the effective divisor
Rπred + π
∗
red
D′ ∈ S(d) of S, where Rπred is the ramification divisor. At an effec-
tive divisor D′ ∈ Σ(d′), the fibre of Ad(SO(4,C)) → Zd(SO(4,C)) → Σ(d′) is
a torsor for the Prym schemes Prym(YD, Y D) for Y D = BlD(X) the geo-
metric quotient of by the involution induced by σ : η 7→ −η.
✐✐
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3. The Isogenies and their induced maps
If ω is the usual complex symplectic form on C2 then the tensor product
defines an isogeny
I2 : SL(2,C) × SL(2,C) → SO(4,C),(3.1)
(g1, g2) 7→ g1 ⊗ g2
where SO(4,C) = SO(C2 ⊗ C2, ω ⊗ ω), i.e. the group of isomorphisms of
C4 ≃ C2 ⊗ C2 which preserve the symmetric bilinear form Q = ω ⊗ ω.
We are interested in the restriction of I2 to the real forms of the complex
groups, and the induced morphisms on the moduli spaces of Higgs bundles.
The isogenous pairs of real forms are shown in the following table:
(compact) SU(2)× SU(2) ∼ SO(4);
(split) SL(2,R)× SL(2,R) ∼ SO(2, 2);
SU(2)× SL(2,R) ∼ SO∗(4);
SL(2,C) ∼ SO(1, 3).
In the case of a compact real form, the Higgs fields in the corresponding
Higgs bundles are identically zero, and thus a G-Higgs bundle is simply
a holomorphic principal GC-bundle. The case of the split real forms was
treated in [4]. In this paper we consider the remaining two pairs of real
forms.
We shall describe the induced maps on Higgs bundles in Section 3.1, and
on spectral data for smooth points of the Hitchin fibration in Section 3.2,
to then study the singular locus in Sections 4 and 5.
3.1. The isogenies and Higgs bundles
Recall that a homomorphism f : G1 → G2 between complex groups induces
a map on Higgs bundles (E,Φ), since it induces a map on principal bundles
and on the adjoint representations. This correspondence descends to a map
between the Higgs bundle moduli spaces. The case of interest to us here is
the map I2 given in (3.1), for which the induced map is
(3.2) ((V1, ϕ1), (V2, ϕ2)) 7→ (V1 ⊗ V2, ω1 ⊗ ω2, ϕ1 ⊗ Id+ Id⊗ ϕ2).
Here
• ((V1, ϕ1), (V2, ϕ2)) denotes a pair of SL(2,C)-Higgs bundles - i.e. an
SL(2,C) × SL(2,C)-Higgs bundle - and
✐✐
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• (V1 ⊗ V2, ω1 ⊗ ω2, ϕ1 ⊗ Id+ Id⊗ ϕ2) is an SO(4,C)-Higgs bundle where
V1 ⊗ V2 is the rank four vector bundle, ω1 ⊗ ω2 is the orthogonal struc-
ture determined by the symplectic structures ωi on the trivial deter-
minant rank two bundles Vi, and the third entry is the Higgs field.
As observed in [4], this map induces a finite morphism (generically 22g:1)
(3.3) I2 :M(SL(2,C)) ×M(SL(2,C))→M+(SO(4,C))
from the moduli space of Spin(4,C)-Higgs bundles onto the connected com-
ponent of the moduli space of SO(4,C)-Higgs bundles containing the trivial
element.
.
3.2. The isogenies and the Hitchin fibration
From the description of Higgs bundles in Section 2.2, one has that the spec-
tral curve for an SL(2,C)-Higgs bundle is determined by q ∈ H0(K2) via
S = {η2 − q = 0} ⊂ |K|, where π : K → Σ. Thus for an SL(2,C) × SL(2,C)-
Higgs bundle we have a pair of curves (S1, S2) defined by a pair (q1, q2) ∈
H0(K2)⊕H0(K2). The the spectral curve S4 of an SO(4,C)-Higgs bun-
dle is defined by a pair (a2, b2) ∈ H0(K2)⊕H0(K2) via the normalization
of S12 = {η4 + a2η2 + b22 = 0} ⊂ |K| as in (2.2). In [4] we show that the
map induced by I2 takes (S1, S2) 7−→ S12 where a2 = −2(q1 + q2) and b22 =
(q1 − q2)2. On the regular fibers this map, as well as the relation between
the pair (S1, S2) and the smooth normalization of S12, can be described by
taking the fiber product of the two SL(2,C)-spectral curves and the induced
spectral data from Li ∈ Prym(Si,Σ). The resulting curve lies in the total
space of K ⊕K. The curve S4 ⊂ |K| and the corresponding spectral data
are obtained by applying the fiber-wise sum
(3.4) |K ⊕K| +−→ |K|.
Theorem 12 ([4]). For S1 and S2 smooth and with disjoint ramification
divisors on Σ, the product S1 ×Σ S2 is smooth, the curve S12 in (2.2) is a
nodal curve and the restriction of the + operation defines the normalization
of S12. Moreover, the spectral data for the image I2((E1,Φ1), (E2,Φ2)) is
(Ŝ4,L) where Ŝ4 := S1 ×Σ S2 is a smooth ramified fourfold cover, and L :=
p∗1(L1)⊗ p∗2(L2) where pi : S1 ×Σ S2 → Si are the projection maps.
✐✐
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Remark 13 ([4]). The map described in Theorem 12 takes torsion two
points to torsion two points, and thus gives a correspondence between Higgs
bundles for split real forms.
In the next two sections we give an analogue to Theorem 12 for non
regular fibres of the Hitchin fibration, corresponding to the following curves:
1) The characteristic curve of an SO(1, 3)-Higgs bundles appearing when
S1 = 2Σ and S2 generic (see Section 4).
2) The characteristic curve of an SO∗(4)-Higgs bundles appearing when
S1 = S2. (see Section 5).
We will be interested in the restriction of the plus map (3.4) to the fibre
product S1 ×Σ S2, which is a curve sitting inside |K| ×Σ |K| ∼= |K ⊕K|. In
preparation for these general cases we shall further examine (3.4).
Proposition 14. For i = 1, 2 let Si = {0 = η2 − qi} ⊂ |K| be spectral curves
defined by any quadratic differentials qi ∈ H0(K2), and let S12 ⊂ |K| be the
curve defined by η4 − 2(q1 + q2)η2 + (b2)q1 − q2)2 = 0. The sum operation
(3.4) gives a well-defined morphism + : S1 ×Σ S2 → S12. Moreover, S1 ≇ S2
if and only if the scheme theoretic image of the map above is S12.
Proof. Consider an open affine subset U ⊂ Σ and a nowhere vanishing sec-
tion u ∈ H0(U,K∗), so that |K|U | = Spec(R[u]), where R = OΣ(U). Given
the local function qi = 〈qi, u2〉 ∈ R induced by the natural pairing on U
between K2 andK−2, we obtain the affine open set π−1(U) = Spec
(
R[u]
u2−qi
)
,
on Si and its restriction to π is given by the inclusion R →֒ R[u]/(u2 − qi).
Similarly, we have the open affine subset
π−1(U) = Spec
(
R[u]
u4 − 2(q1 + q2)u2 + (q1 − q2)2
)
⊆ S12
mapping onto Spec(R) via π.
The sum operation restricts locally to the following ring morphism
+♯ :
R[u]
u4 − 2(q1 + q2)u2 + (q1 − q2)2
→ R[u]
u2 − q1
⊗R R[u]
u2 − q2
defined as u 7→ u1 + u2, where u1 = u⊗ 1 and u2 = 1⊗ u. A direct cal-
culation gives u2 7→ 2u1u2 + q1 + q2, and u4 7→ 4(q1 + q2)u1u2 + q21 + q22 +
6q1q2, so that u
4 − 2(q1 + q2)u2 + (q1 − q2)2 is mapped to zero and the map
✐✐
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is indeed well-defined. For the second part it is enough to determine the ker-
nel of +♯. Suppose +♯(p(u)) = 0. We can represent p(u) as a polynomial of
degree no greater than 3 of the form p(u) = a0 + a1u+ a2u
2 + a3u
3, where
aj ∈ R, j = 0, 1, 2, 3. Since u3 7→ u1(q1 + 3q2) + u2(q2 + 3q1), the condition
p(u) ∈ ker(+♯) gives (a0 + (q1 + q2)a2) + (a1 + (q1 + 3q2)a3)u1 +(a1 + (q2 +
3q1)a3)u2+ (2a2)u1u2 = 0. Hence, a0 = a2 = 0, and a1 = −(q1 + 3q2)a3 and
a3(q1 − q2) = 0. Since R is a domain (Σ is integral), we can either have
a3 = 0 or q1 = q2. Since qi can only vanish at a finite number of points, it
follows that S1 ≇ S2 (i.e. q1 6= q2) is equivalent to a3 = 0 (which in turn is
equivalent to a1 = 0 and also to the map +
♯ being always injective). The
scheme theoretic image of + is S12 if and only if S1 ≇ S2. 
Remark 15. The curve S12 is connected. If div(q1) ∩ div(q2) 6= ∅, then
S1 ×Σ S2 is connected.
✐✐
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4. The real forms SL(2,C) and SO0(1, 3)
In this section we consider Higgs bundles for SL(2,C) as a real form of
SL(2,C) × SL(2,C) and for the real form SO(1, 3) of SO(4,C). Our main
goal is understand the map between them induced by the isogeny between
the real forms and, in particular, to give a geometric description of the
induced map on spectral data.
4.1. The Higgs bundles
Consider the anti-holomorphic involution on SL(2,C) × SL(2,C) defined by
σ(A,B) = ((B∗)−1, (A∗)−1).(4.1)
The fixed points of σ are given by SL(2,C) ⊂ SL(2,C) × SL(2,C) embed-
ded via A 7→ (A, (A∗)−1). Under this embedding, the maximal compact sub-
group SU(2) maps to H = {(A,A) | A ∈ SU(2)}, a maximal compact sub-
group of SL(2,C)× SL(2,C). Then, from Definition 2 and Remark 3:
Definition 16. A Higgs bundle defined by the real form SL(2,C) fixed
by (4.1) of SL(2,C) × SL(2,C) is an SL(2,C) × SL(2,C)-Higgs bundle of
the form ((V, ϕ), (V,−ϕ)) where (V, ϕ) defines an SL(2,C)-Higgs bundle.
Viewed as an SL(4,C)-Higgs bundle it has the form (E,Φ) with E = V ⊕ V
and Φ =
(
ϕ 0
0 −ϕ
)
.
Definition 17. An SO(1, 3)-Higgs bundle is defined by a triple (L,W, β)
where L and W are orthogonal vector bundle of ranks one and three respec-
tively, with det(W ) ≃ L, and β : W → L⊗K. Viewed as an SO(4,C)-Higgs
bundle it has the form (E,Φ) where E = L⊕W and Φ =
(
0 β
−βT 0
)
, with
the orthogonal structure on E defined by the direct sum of the orthogonal
structures on the summands, and the transpose βT taken with respect to
the bilinear forms defining the orthogonal structures on L and W .
Remark 18. Restricting to the connected component of the identity, i.e.
SO0(1, 3), the resulting SO0(1, 3)-Higgs bundles must have L = O. Such
Higgs bundles are thus defined either by triples (O,W, β) or by pairs (E,Φ)
as above but with I = O. Assuming that the orthogonal structure on OΣ is
given by 2 ∈ H0(Σ,OΣ), the orthogonal structure on O ⊕W is then given
by Q =
(
2 0
0 qW
)
, where qw defines the orthogonal structure on W .
✐✐
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4.1.1. The induced map on the Higgs bundles. In what follows we
shall consider the maps induced by the isogeny (3.1) both on Higgs bundles
and on their moduli spaces.
Proposition 19. Restricted to the SL(2,C)-Higgs bundles from Definition
16, the isogeny (3.1) gives a map
I2
(
V ⊕ V, (ϕ 0
0 −ϕ
))
=
(
O ⊕ Sym2V,
(
0 β
−βT 0
))
,(4.2)
where β =
[−c 2a b] when ϕ = [a bc −a], and the orthogonal structure on
Sym2V comes from the orthogonal structure on V .
Proof. The isogeny (3.1) maps an SL(2,C)-Higgs bundle
(
V ⊕ V, (ϕ 0
0 −ϕ
))
to the SO(4,C) Higgs bundle (V ⊗ V, ϕ⊗ I − I ⊗ ϕ). After applying the iso-
morphism V ⊗ V ≃ Λ2V ⊕ Sym2V = O ⊕ Sym2V , we get (4.2) where the
orthogonal structures on Λ2V = O and Sym2V come from the structures
Q = ω ⊗ ω on V ⊗ V , and βT = q−13 βtq1 where q1 and q3 are the quadratic
forms defining the orthogonal structures on O and Sym2V respectively.
To understand the induced map on the Higgs field, fix local frames
{e, f} for V such that ω = [ 0 1
−1 0
]
. Consider the local frames F1 = {e⊗
e, e ⊗ f, f ⊗ e, f ⊗ f} and F2 = {e⊗ f − f ⊗ e, e⊗ e, e⊗ f + f ⊗ e, f ⊗ f},
giving the isomorphism V ⊗ V = O ⊕ Sym2V . Then, with respect to the
local frames F1 and F2, the orthogonal structure on V ⊗ V is defined by the
quadratic forms Q1 and Q2, respectively, given by
(4.3) Q1 =
[
0 0 0 1
0 0 −1 0
0 −1 0 0
1 0 0 0
]
and Q2 =
[
2 0 0 0
0 0 0 1
0 0 −2 0
0 1 0 0
]
=
[
q1 0
0 q3
]
.
Let ϕ =
[
a b
c −a
]
with respect to the local frame {e, f}, and denote the image
Higgs field by Φ := ϕ⊗ I − I ⊗ ϕ. Then, with respect to F2, the Higgs field
is locally given by Φ =
[
0 β
−βT 0
]
for β =
[−c 2a b]. 
One should note that the moduli spaceM(SL(2,C) is connected but the
moduli space M(SO0(1, 3)) has components labelled by the second Stiefel-
Whitney class of the rank three orthogonal bundle. We denote these by
M±(SO0(1, 3)), where + corresponds to the component where w2 vanishes.
Proposition 20. If
(
O ⊕W,
(
0 β
−βT 0
))
represents a point in the compo-
nent M+(SO0(1, 3)) ⊂M+(SO(4,C)) then W = Sym2V for V a rank two
bundle with trivial determinant, and the orthogonal structure on W as in
Proposition 19.
✐✐
“Final˙BBS” — 2020/8/6 — 2:45 — page 18 — #18
✐
✐
✐
✐
✐
✐
18 S. Bradlow, L. Branco, L. Schaposnik
The above proposition follows from the previous description of SO0(1, 3)-
Higgs bundles, and implies the following:
Corollary 21. There is a natural commutative diagram
(4.4) M(SL(2,C)× SL(2,C))I2 //M+(SO(4,C))
M(SL(2,C))
OO
I2
//M+(SO0(1, 3))
OO
,
where the vertical maps are given by inclusions, and the horizontal maps are
induced by (3.1). Moreover, the map to M+(SO0(1, 3) is surjective.
4.2. Spectral data
The Hitchin base for the moduli spaces M(SL(2,C) × SL(2,C)) and for
M(SO(4,C)) is H0(K2)⊕H0(K2), and the corresponding Hitchin maps
are, respectively,
(4.5) (V1, ϕ1), (V2, ϕ2)) 7→ (det(ϕ1),det(ϕ2)) and (E,Φ) 7→ (a2,Pf(Φ)2),
where a2 is the coefficient of η
2 in the characteristic polynomial of the Higgs
field det(ηI − Φ). The maps in (4.4) preserve the fibers of the Hitchin fibra-
tions. Direct calculation shows:
Proposition 22. The restrictions of the Hitchin fibrations (4.5) to the real
moduli spaces M(SL(2,C)) and M+(SO0(1, 3)) are, respectively,
((V, ϕ), (V,−ϕ)) 7→ (det(ϕ),det(ϕ)), and
(4.6)
(
O ⊕W,Φ =
(
0 β
−βT 0
))
7→ (−ββT , 0) = (Tr(Φ2), 0).
The following diagram summarises these maps and shows the maps
induced by the isogeny I2 on the base of the Hitchin fibrations. The map
hSO0(1,3) is given by hSO0(1,3)[O,W, η] = −ββT .
✐✐
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M(SL(2,C)× SL(2,C)) I2 //
hSL(2,C)×SL(2,C)

M+(SO(4,C))
hSO(4,C)

M(SL(2,C))
'

55
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
I2
//
hSL(2,C)

M+(SO0(1, 3))
(

55
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
hSO0(1,3)

H0(K2)⊕H0(K2)
(q1,q2)7→(2(q1+q2),q1−q2)
// H0(K2)⊕H0(K2)
H0(K2)
q 7→(q,q)
55
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
❥
q 7→4q
// H0(K2)
q 7→(q,0)
55
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
.(4.7)
Through the diagram (4.7) one can see the image under the Hitchin fibra-
tion of the moduli spaces M(SL(2,C)) and M(SO0(1, 3)). In particular,
they intersect only the fibers over points of the form (q, q) in the base for
M(SL(2,C) × SL(2,C)), and of the form (q, 0) in the base forM(SO(4,C).
In this section we shall study those fibres, their intersections with the real
moduli spaces, and the relation between these spaces induced by the isogeny.
We restrict attention to the generic case, by which we mean the case
in which the spectral curve defined by q ∈ H0(K2) is smooth. Under this
assumption, the spectral data is easy to describe for the fiber over (q, q)
and its intersection with M(SL(2,C)), as we shall see below. This is not
true on the SO(4,C) side where the fiber product S ×Σ S is not smooth,
even if S is smooth. We thus cannot automatically apply the results of [4].
Furthermore the point (q, 0) lies in the discriminant locus for the SO(4,C)-
Hitchin fibration. Indeed, the spectral curve for the Higgs bundles over (q, 0)
are defined by the equation η2(η2 − q) = 0, and are thus never smooth.
The fibers h−1SO(4,C)(q, 0) can in principle be understood using Simpson’s
work (e.g. see [11]). Moreover the spectral data for SO0(1, 3)-Higgs bun-
dles has been described in [12], and the results in [25] for ribbon curves
apply to the factor η2 = 0 in the spectral curves defined by (q, 0). Let
S = {η2 − det(ϕ) = 0.} ⊂ |K| be the spectral curve for the SL(2,C)-Higgs
bundle (V, ϕ). If S is smooth, i.e. for generic sections q = det(ϕ) ∈ H0(K2),
the spectral data for (V, ϕ) consists of the pair (S,L) where L ∈ Prym(S,Σ)
and thus the statements below follow.
Proposition 23. The real SL(2,C)-Higgs bundles of Definition 16 seen
as SL(2,C) × SL(2,C)-Higgs bundles have spectral curves (S, S). If S is
smooth, the rest of the spectral data is given by a pair (L,L∗) where L is a
line bundle in Prym(S,Σ).
✐✐
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Proof. The spectral curve S is a two-fold ramified cover of Σ with involu-
tion σ : S → S given by σ(η) = −η. The line bundle L satisfies σ∗(L) ≃ L∗
and also π∗(Lπ
∗(K1/2) ≃ V . Thus the spectral data (S, σ∗(L)) defines the
SL(2,C)-Higgs bundle (π∗(σ
∗(L)π∗(K1/2)),−ϕ). Since σ∗(L) ≃ L∗, it now-
follows from relative duality and the natural isomorphism V ∗ ≃ V that
π∗(σ
∗(L)π∗(K1/2)) ≃ V ∗ ≃ V . Thus the pair (S, σ∗(L)) = (S,L∗) gives spec-
tral data for (V,−ϕ). 
Through the isogeny I2 one can see a few other properties of the real
Higgs bundles and their images.
Proposition 24. For a generic differential q ∈ H0(K2), the fibre of the
SL(2,C) × SL(2,C)-Hitchin fibration over (q, q) is isomorphic to the space
Prym(S,Σ)× Prym(S,Σ). Moreover, the intersection of the fibre with the
real slice of SL(2,C)-Higgs bundles is given by
{(L,L∗) | L ∈ Prym(S,Σ)} ≃ Prym(S,Σ) ≃ h−1SL(2,C)(q).
An SO0(1, 3)-Higgs bundle (E,Φ) as in Remark 18 has characteris-
tic polynomial det(Φ− ηId) = η2(η2 − Tr(Φ2)). If (E,Φ) = I2(V, ϕ) then
Tr(Φ2) = 4det(ϕ), and thus we shall consider S′ = {η2 − 4 det(ϕ) = 0}. Using
the convention described in Remark 6, the spectral curve for the fiber
h−1SO(4,C)(−4 det(ϕ), 0) is thus the reducible, non-reduced curve 2Σ ∪ S′.
Proposition 25. The locus of SO0(1, 3)-Higgs bundles inside the fibre
h−1SO(4,C)(q, 0) is isomorphic to Prym(S,Σ)/Pic
0(Σ)[2] where S = {η2 − q =
0}, i.e. to the dual of the Prym variety Prym(S,Σ).
Proof. The surjectivity of the induced map I2 shows that there is a surjective
map from Prym(S,Σ) to the locus of all SO0(1, 3)-Higgs bundles inside the
fibre h−1SO(4,C)(q, 0). The fibers of this map can be identified with Pic
0(Σ)[2]
because V L⊗ V L ≃ V ⊗ V if L ∈ Pic0(Σ)[2], and V is of rank two. 
Proposition 26. Let (L,W, β) be any SO0(1, 3)-Higgs bundle representing
a point in the image I2(M(SL(2,C))), and let (E,Φ) be the corresponding
SO(4,C)-Higgs bundle. Then the Higgs field Φ satisfies
(4.8) Φ(Φ2 − Tr(Φ2)Id) = 0.
Proof. Higgs bundles in the image of the map I2 are of the form (E,Φ)
with E = V ⊗ V and Φ = ϕ⊗ Id− Id⊗ ϕ for some SL(2,C)-Higgs bundle
✐✐
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(V, ϕi). Straightforward computation shows that
Φ3 = ϕ3 ⊗ Id+ 3(ϕ⊗ ϕ2 − ϕ2 ⊗ ϕ)− Id⊗ ϕ3.(4.9)
But ϕ2 = qId by the Cayley-Hamilton theorem, where q = det(ϕ). Hence
Φ3 = 4qΦ. It remains to verify that Tr(Φ2) = 4q, but this can be done using
the descriptions of Φ and ϕ with respect to local frames for the bundles as
in the proof of Proposition 19. 
Remark 27. In fact Proposition 26 can be generalized to any SO(4,C)-
Higgs bundle in the image of the map I2 and in the fiber over a point of the
form (4q, 0) in the base of the Hitchin fibration. Such Higgs bundles are of
the form given in (3.2), with ϕ2i − qId = 0 for i = 1, 2.
Remark 28. The Cayley-Hamilton theorem implies that Φ satisfies the
condition Φ2(Φ2 − Tr(Φ2)Id) = 0. The fact that it already satisfies (4.8)
will be significant later - see Remark 31.
4.3. Interpretation of the maps induced by the isogeny I2
Under the assumption that all spectral curves are smooth the fiber product
construction in [4] provides a mechanism for understanding the map induced
on spectral data by the isogeny I2 : SL(2,C)× SL(2,C)→ SO(4,C). These
smoothness assumptions are not valid for the SL(2,C)- and SO0(1, 3)-
Higgs bundles. We now explore to what extent the fiber product mechanism
accounts for SO0(1, 3)-spectral data described in the previous sections.
4.3.1. The spectral curves. Let S be the spectral curve defined by the
SL(2,C)-Higgs bundle (V, ϕ) and let S′ be as in the previous sections. Recall
that S is a double cover of Σ with involution σ which switches the sheets.
In view of Proposition 23 we need to consider the fiber product S ×Σ S.
This differs in key ways from the generic case of two distinct smooth curves,
where S1 ×Σ S2 is smooth, including:
1) S ×Σ S ⊂ K ⊕K has two irreducible components. One, denoted by
∆+, comes from the diagonal embedding of S given by y → (y, y), and
the other, ∆−, comes from the embedding y → (y, σ(y)).
2) In addition to the commuting involutions σ1 = σ × 1, σ2 = 1× σ, and
σ12 = σ1σ2, S ×Σ S has the involution which switches the factors, i.e.
σ3(x, y) = (y, x).
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Since S ×Σ S lies in the total space of K ⊕K, it does not directly define
a spectral curve. The relation to a spectral curve in the total space of K
comes from the following Proposition.
Proposition 29. Scheme-theoretically, +(S ×Σ S) = Σ ∪ S′.
Proof. In order to see that +(S ×Σ S) = Σ ∪ S′, note that locally S ×Σ S
is Spec(A), where A = R[u, v]/(u2 − q, v2 − q). The scheme-theoretic image
of the map + can be understood from +♯ : R[u]u2(u2−4q) → R[u,v]u2−q,v2−q the ring
morphism defined by u 7→ u+ v. Since this maps u3 to 4q(u+ v), so ker(+♯)
is generated by the element u(u2 − 4q) and the coimage of + is isomorphic
to R[u]/(u(u2 − 4q)). 
Remark 30. Alternatively the curve +(S ×Σ S) ⊂ |K| can be seen directly
from the defining conditions for the curves as follows: denote the tauto-
logical sections for the two copies of KΣ by η1 and η2. The two copies
of S are thus defined by η2i − q = 0 where q ∈ H0(K2) (for i = 1, 2). The
curve +(S ×Σ S) ⊂ |K| is thus defined by the conditions η = η1 + η2, and
η21 − q = 0, and η22 − q = 0. It follows that η(η2 − 4q) can take the values
(±√q ±√q), or (2(±√q), or (±√q)− 2q), corresponding to the four cases
(η1, η2) = (±√q,±√q). Evaluating these cases we get η(η2 − 4q) = 0 since
(4.10) η(η2 − 4q) =
{
(±2√q)(0) in the cases (+,+) or (−,−)
(0)(−4q) in the cases (+,−) or (−,+).
The fact that scheme-theoretically +(S ×Σ S) = Σ ∪ S′ can be understood
in light of Proposition 26. More precisely:
Proposition 31. Let (4q, 0) ∈ H0(K2)⊕H0(K2) be a point in the SO(4,C)-
Hitchin base, and let X = 2Σ ∪ S′ be the spectral curve in the fiber over
(4q, 0). Let (E,Φ) define a point in h−1
SO(4,C)
(4q, 0) ∩M+(SO0(1, 3) whose
spectral data is (X, E) for E a rank one torsion free sheaf on X. Then the
scheme-theoretic support of any E is Xred = Σ ∪ S′.
Proof. This follows directly from Proposition 26. 
Proposition 31 means that every spectral sheave E is of the form i∗F for
some coherent sheaf F on Xred and with i : Xred →֒ X the natural inclusion.
In other words, +(S ×Σ S) is the spectral curve for an SO0(1, 3)-Higgs bun-
dle in the sense that it is the support of the rank one torsion free sheaves
from [11].
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4.3.2. The spectral bundles. We have not fully succeeded in relating
the fiber product construction to the SO0(1, 3)- spectral data described in
the previous sections but we expect that the following observations are steps
in that direction. Let (S,L) be the spectral data defining the SL(2,C)-
Higgs bundle (V, ϕ) or, equivalently, let ((S,L), (S,L∗)) be the spectral data
defining the SL(2,C) × SL(2,C)-Higgs bundle (V, ϕ), (V,−ϕ)). Through the
projections pi to each copy of S let
L : = p∗1(L)⊗ p∗2(σ∗(L))
= p∗1(L)⊗ P2(L∗)
and let L± := L|∆± . Notice that with σ4 = σ12σ3 we get
σ4 =
{
1 on ∆− ≃ S
σ on ∆+ ≃ S
while σ3 =
{
1 on ∆+
σ on ∆−
.
Thus
(S ×Σ S)/σ4 ≃ ∆+/σ ∪∆− ≃ Σ ∪ S
(S ×Σ S)/σ3 ≃ ∆+ ∪∆−/σ ≃ S ∪Σ ,
with a map between these two quotients coming from the map (x, y) 7→
(x, σ(y)) on S ×Σ S. The coherent sheaf L is invariant under the maps
induced by the involutions σ3 and σ12 (and hence also σ4). Moreover
L|∆+ ≃ π∗(OΣ) ≃ OS(4.11)
L|∆− ≃ L2.(4.12)
It remains to reconcile the information encoded in L with the spectral
data of [12] for the SO0(1, 3)-Higgs bundle
I2(V, ϕ) =
(
O ⊕ Sym2V,
(
0 β
−βT 0
))
.
It would also be interesting to understand in future work the part of the
fiber h−1SO(4,C)(4q, 0) which does not lie in M+(SO0(1, 3)) in terms of fibre
products since one could possibly recover spectral sheaves on curves of the
form 2Σ ∪ S′ using the fiber product construction of this chapter.
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4.4. Comments on mirror symmetry
As mentioned before, through work of Baraglia and Schaposnik there is a
conjectural dual space to the moduli space of real G-Higgs bundles.
Conjecture. [15]. The support of the dual brane toM(G) is the moduli space
M(NG) ⊂M(LGC) of NG-Higgs bundles where NG is the group associated
to the Lie algebra hˇ in [28, Table 1], refer to as the “Nadler group”.
Moreover, for the case of orthogonal Higgs bundles with signature, as
considered in this paper, it was further conjectured that the sheaf supported
on the dual brane should remain the same once the parity of q is fixed. The
real form SO0(1, 3) is quasi-split, and from [28], the Nadler group associated
to SO(1, 3) is SO(3,C) ⊂ SO(4,C), and associated to SO0(1, 3) is the locus
{g ⊗ g | g ∈ SL(2,C)} ⊂ SO(4,C) = SO(C2 ⊗ C2, ω ⊗ ω), giving the identi-
fication of the Nadler group NSO0(1, 3) ∼= PGL(2,C) ⊂ SO(4,C). From the
definitions of complex Higgs bundles, an NSO0(1, 3)-Higgs bundle is of the
form (E ⊗ E,ϕ⊗ Id+ Id⊗ ϕ), where E is a rank 2 vector bundle on Σ with
trivial determinant and thus satisfying E ⊗ E ∼= OΣ ⊕ Sym2E.
Mirror symmetry over smooth fibres of the Hitchin fibration should
correspond to the usual Fourier-Mukai transform of abelian varieties (e.g.
see [14, 29]). Fixing a theta-characteristic of the base curve, the locus of
SO0(1, 3)-Higgs bundles in this fibre corresponds to the inclusion of abelian
varieties in the short exact sequence
0→ Prym(S,Σ)∨ → Prym(S,Σ)× Prym(S,Σ)
Prym(S,Σ)[2]
→ Prym(S,Σ)→ 0.
(4.13)
[(L1, L2)] 7→ L1L2.
By choosing an ample line bundle we can identify Prym(S,Σ)∨ with
the quotient of Prym(S,Σ) by the finite group Pic0(Σ)[2]. Thus, the dual
abelian variety of the quotient of Prym(S,Σ)× Prym(S,Σ) by the diag-
onal subgroup Pic0(Σ)[2] is itself and dualizing the short exact sequence
(4.13) one can see that the dual brane is supported on M+(SO(3,C)) ⊂
M+(SO(4,C)). This locus is precisely the image of the map
M(SL(2,C))։M+(SO(3,C)) ⊂M+(SO(4,C)),
which is given by pairs of the form
(
OΣ ⊕ Sym2(E),Φ =
(
0 0
0 ∗
))
.
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5. The real forms SU(2)× SL(2,R) and SO∗(4)
In this section we consider the Higgs bundles for the isogenous real forms
SU(2) × SL(2,R) ⊂ SL(2,C) × SL(2,C) and SO∗(4) ⊂ SO(4,C), and exam-
ine the map from M(SU (2)× SL(2,R)) to M(SO∗(4)) induced by (3.2).
5.1. The Higgs bundles
From Definition 1 an SU(2)-Higgs bundle is an SL(2,C)-Higgs bundle with
zero Higgs field, i.e. a pair (E, 0) where E is a rank two bundle with triv-
ial determinant, and stability is thus equivalent to the stability of E as a
vector bundle. From Definition 2, an SL(2,R)-Higgs bundle can be defined
as a holomorphic line bundle L (i.e. a vector bundle with structure group
C∗) together with a Higgs field ϕ = (β, γ) where β ∈ H0(Σ, L−2 ⊗K) and
γ ∈ H0(Σ, L2 ⊗K). Viewing SL(2,R) as a real form of SL(2,C), these Higgs
bundles define SL(2,C)-Higgs bundles (E,Φ) where E = L⊕ L∗ and the
Higgs field has the form Φ =
(
0 β
γ 0
)
. In this case, if deg(L) = 0 then
(L, β, γ) is always semistable as an SL(2,R)-Higgs bundle; otherwise the
semistability condition reduces to the condition that β 6= 0 (if deg(L) < 0) or
γ 6= 0 (if deg(L) > 0). It follows from these conditions that |deg(L)| ≤ g − 1
if (L, β, γ) is semistable.
We refer to [30] and [13] for full discussions of SO∗(2n)-Higgs bundles
but summarize here the case of SO∗(4). An SO∗(4)-Higgs bundle is defined
by a triple (V, β, γ) where V is a rank 2 vector bundle , and β : V ∗ → V ⊗K
and γ : V → V ∗ ⊗K are holomorphic endomorphism which skew-symmetric
as a K-valued bilinear form on V ∗ and V , respectively. Via the inclusion of
SO∗(4) in SO(4,C) the data set (V, β, γ) defines the SO(4,C)-Higgs bundle
(5.1)
((
V ⊕ V ∗, Q =
[
0 I
I 0
])
,Φ =
[
0 β
γ 0
])
.
The (semi)stability condition on (V, β, γ) is that V is (semi)stable as a rank
2 bundle, and if deg(V ) 6= 0 then at least one of β, γ must nonzero1. Hence,
a semistable SO∗(4)-Higgs bundles must have |deg(V )| ≤ 2g − 2.
5.1.1. The induced map on the Higgs bundles. In what follows we
shall consider the restriction of the map (3.2) to the case where (V1,Φ1)
comes from the inclusion SU(2) ⊂ SL(2,C) and (V2,Φ2) comes from the
inclusion SL(2,R) ⊂ SL(2,C). For these real Higgs bundles, one has that
1If deg(V ) > 0 then γ 6= 0 and if deg(V ) < 0 then β 6= 0.
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• V1 = U , a semistable rank 2 bundle with det(U) = O, and Φ1 = 0,
• V2 = N ⊕N∗ and Φ2 =
[
0 β
γ 0
]
.
Proposition 32. The map (3.2) sends SU(2)× SL(2,R)-Higgs bundles to
SO∗(4)-Higgs bundles.
Proof. With the above notation, the isogeny from (3.1) is given by
(5.2) I2((V1,Φ1), (V2,Φ2)) = (UN ⊕ UN∗, Q, I ⊗ Φ2)
and the orthogonal structure Q comes from the symplectic structures on V1
and V2 (using the identification SL(2,C) = Sp(2,C)). Denote this symplec-
tic structure on V1 by Ω and use this to identify U ≃ U∗. Then, forW = UN
one can thus identify UN ⊕ UN∗ ≃W ⊕W ∗ where deg(W ) = 2deg(N).
With respect to this description we get that
(5.3) I ⊗ Φ2 =
[
0 Ω∗ ⊗ β
Ω⊗ γ 0
]
where Ω∗ is the symplectic form on U∗. Taking β˜ = Ω∗ ⊗ β and γ˜ = Ω⊗ γ,
it follows that the triple (W, β˜, γ˜) defines an SO∗(4)-Higgs bundle.
Conversely, suppose that (V, β, γ) is an SO∗(4)-Higgs bundle which has
deg(V ) even. Then as described in [30] one can write V = U ⊗N where
U is a rank two bundle with trivial determinant and N is a line bundle
with deg(N) = deg(V )/2. Moreover, β = Ω∗ ⊗ β˜ where Ω is the symplectic
form on U coming from the identification SL(2,C) = Sp(2,C) and Ω∗ is the
corresponding symplectic form on U∗, and finally γ = Ω⊗ γ˜, hence giving
the data for an SU(2) × SL(2,R)-Higgs bundles. 
5.1.2. The induced map on the moduli spaces. The moduli space
M(SU (2)× SL(2,R) has 2g-1 connected components labelled by an integer
d = deg(N) where N is the line bundle in the description of the SL(2,R)-
Higgs bundle. We denote these components by Md(SU(2) × SL(2,R), so
(5.4) M(SU (2)× SL(2,R)) =
⋃
|d|≤g−1
Md(SU(2) × SL(2,R)).
Similarly, the moduli space M(SO∗(4)) has 4g − 3 components labelled
by the degree of the rank two bundle, i.e.
(5.5) M(SO∗(4)) =
⋃
|d|≤2g−2
Md(SO∗(4)).
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From the discussion in the previous section and Proposition 32 one has that:
Proposition 33. Restricted toM(SU(2) × SL(2,R)) the map (3.3) defines
a surjection onto the components of M(SO∗(4)) in which the degree of the
rank 2 vector bundle is even. In notation as above the map is defined by
I2 :Md(SU(2) × SL(2,R))→M2d(SO∗(4))
([U ], [L, β, γ]) 7−→ [U ⊗ L,Ω∗ ⊗ β,Ω⊗ γ].(5.6)
5.2. Spectral data
In the Hitchin fibration for SL(2,C)× SL(2,C) the SU(2)× SL(2,R)-Higgs
bundles lie in fibers over points of the form (0, q) ∈ H0(K2)×H0(K2). If the
SL(2,R)-Higgs bundle is given by (N,β, γ) then q = βγ. An SO∗(4)-Higgs
bundle of the form (U ⊗N,Ω∗ ⊗ β,Ω⊗ γ) lies in the fiber of the SO(4,C)-
fibration over (2q, q) where q = βγ, as can be seen by direct computation
of det(I ⊗ Φ2 − ηId) using (5.3). We can summarize these maps as follows:
M(SL(2,C)× SL(2,C)) I2 //
hSL(2,C)×SL(2,C)

M+(SO(4,C))
hSO(4,C)

Md(SU(2) × SL(2,R))
&

44
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
I2
//
hSL(2,C)

M2d(SO∗(4))
(

55
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦

H0(K2)⊕H0(K2)
(q1,q2)7→(2(q1+q2),q1−q2)
// H0(K2)⊕H0(K2)
H0(K2)
q 7→(0,q)
44
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
❤
q 7→q
// H0(K2)
q 7→(2q,q)
55
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
In the most generic case q2 = q has only simple zeros. Thus, S1 = 2Σ
is the split ribbon on Σ with conormal bundle K∗ and S2, which we will
denote simply by S, is a smooth curve.
Following the description in Section 2.2 for the case n = 2, the spectral
data for a generic SL(2,C)-Higgs bundle (E,Φ) is a pair (S,L) where S is
a double cover of Σ defined by an equation of the form η2 + a2 = 0 (in the
notation of Section 2.2) and L is a line bundle in Prym(S,Σ). We need two
special cases:
1) SU(2)-Higgs bundles: in this case Φ = 0 and the spectral curve is
defined by the condition η2 = 0. Thus S is the ribbon 2Σ. The rank
two bundle on Σ may be viewed as a rank on torsion free sheaf on 2Σ.
2) SL(2,R)-Higgs bundles: on generic fibers of the Hitchin fibration, the
spectral curve S is smooth and the line bundle L is a point of order
two in Prym(S,Σ).
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The spectral data for SO(n,C)-Higgs bundles has been described in Sec-
tion 2.3. The characteristic polynomials defined by SO(4,C)-Higgs fields are
of the form given in (2.2). For the real forms SO∗(2n) the spectral data for
the corresponding Higgs bundles is described in [13]. In the case of SO∗(4),
where the Higgs bundles are of the form given in (5.1), the characteristic
equations are thus of the form
(5.7) |Φ− ηId| = (η2 + q)2
where q ∈ H0(K2) is given by q = −12Trβγ. For generic q this defines a
smooth curve S in the total space of K. The curve S is a 2-fold cover of Σ
with involution σ that switches the sheets of the covering. The rest of the
spectral data (see Proposition 2 in [13]) consists of a rank two holomorphic
bundle U on S which is semistable with det(U) ≃ π∗K and satisfies σ∗U ≃ U
where the induced action on det(U) is trivial.
Remark 34. Recall that the base of the Hitchin fibration onM(SO(2n,C))
is
⊕n−1
i=1 H
0(K2i)⊕H0(Kn), where the last factor encodes the Pfaffian of
the Higgs field. Thus the spectral curve defined by (5.7) lies in the fiber
over (2q, q) ∈ H0(K2)⊕H0(K2). The non-reduced curve defined (5.7) is a
ribbon on S.
Corollary 35. With notation as above, if the spectral curve for the SL(2,R)-
Higgs bundle (L, β, γ) is S, then the spectral curve for the SO∗(4)-Higgs
bundle (U ⊗ L,Ω∗ ⊗ β,Ω⊗ γ) is the ribbon 2S.
5.3. Interpretation of the maps induced by the isogeny I2
In what follows we shall explore to what extent the fiber product mechanism
accounts for the SO∗(4)-spectral data described in Section 5.2.
5.3.1. The map on spectral curves. From Corollary 35, the effect on
spectral curves of the map (5.6) is thus to map
(5.8) (2Σ, S) 7−→ 2S .
Recall that for generic fibers of the SL(2,C) × SL(2,C)-Hitchin fibration,
i.e. on fibers over (q1, q2) such that the corresponding spectral curves S1 and
S2 are smooth with disjoint ramification divisors, the map I2 induces a map
on spectral curves which can be described in terms of a fiber product [4].
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More precisely (see Section 3.1), S1 ×Σ S2 is the normalization of the spectral
curve +(S1 ×Σ S2). We now explore what the fiber product construction
yields if S1 = 2Σ and S2 = S.
Proposition 36. The curve 2Σ ×Σ S is a split ribbon on S with ideal sheaf
isomorphic to π∗K∗, where π : S → Σ. It is, moreover, isomorphic to the
blow-up BlD0(2S) of the ribbon 2S at D0 = Rπ (considered as a closed sub-
scheme) and the restriction of the map (3.4) to 2Σ×Σ S, i.e.
(5.9) + : 2Σ×Σ S → 2S ,
is the blow-up map.
Proof. The Σ-scheme Y = 2Σ ×Σ S has dimension 1 and
Yred ∼= ((2Σ)red ×Σ S)red ∼= (Σ ×Σ S)red ∼= Sred ∼= S.
Moreover, 0→ I → OY → OS → 0 is locally given by the short exact sequence
of rings
0→ (u)→ R[u, v]
u2, v2 − q →
R[v]
v2 − q → 0 .
Here u, v are nowhere vanishing sections in H0(U,K∗) where U ⊂ Σ is an
open affine set. Thus |K|U | = Spec(R[u]), where R = OΣ(U). By q we mean
the local function (on U) q = 〈q, u2〉 ∈ R obtained by the natural pairing
between K2 and K−2. To see that 2Σ×Σ S is a split ribbon we use the
natural projection onto S.
It remains to prove that (5.9) describes a blow-up map. From the local
picture it is clear that (5.9) is a set-theoretical bijection which is an isomor-
phism away from the zeros of q. To understand the map at the zeros of q we
first consider the following identifications:
α : Ô2S,p = CJq, uK
(u2 − q)2 →
CJu, ǫK
ǫ2
β : ÔY,p′ ∼= CJq, x, yK
x2, y2 − q →
CJu˜, ǫ˜K
ǫ˜2
q 7→ u2 − ǫ x 7→ ǫ˜/2
u 7→ u y 7→ u˜− ǫ˜/2
q 7→ u˜(u˜− ǫ˜)
These ring morphisms are well-defined and are isomorphisms. Locally, under
these isomorphisms, the induced map of (5.9) at the level of completed local
rings is Ô2S,p ∼= CJu,ǫKǫ2 → ÔY,p′ ∼= CJu˜,ǫ˜Kǫ˜2 , sending u 7→ u˜ and ǫ 7→ u˜ǫ˜. Hence,
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one has precisely the algebra extension corresponding to blowing-up2 the
point p ∈ S (with multiplicity one) as a closed subscheme of 2S (for more
details see [31] and [32, Section 2]). 
5.3.2. The map on the spectral bundles. Viewed inside the mod-
uli space M(SL(2,C) × SL(2,C) the SU(2)× SL(2,R)-Higgs bundles lie
in fibers of the Hitchin fibration over (0, q). Having studied the spectral
curves for these fibers, in order to describe the rest of the spectral data,
and to understand the effect on it of the isogeny, we need to understand the
SL(2,C)-fibers over 0 (the SL(2,C)- nilpotent cone) and over q.
In M(SL(2,C)) the spectral curve for the nilpotent cone is the ribbon
2Σ and hence from [11] an element in h−1SL(2,C)(0) is a rank one torsion free
sheaf E on 2Σ. There are two possibilities:
1) E = i∗E, where E → Σ is a semi-stable rank 2 vector bundle with
trivial determinant (here i : Σ →֒ 2Σ), or
2) E is a generalized line bundle on 2Σ given as an extension
0→ EK∗(D′)→ E → E → 0,
where D′ is an effective divisor on Σ such that E2(D′) ∼= K. In partic-
ular, E is a line bundle on Σ such that 1 ≤ deg(E) ≤ g − 1.
For the generic q ∈ H0(K2) an element in h−1SL(2,C)(q) is described by a line
bundle L (of degree deg(L) = 2(g − 1)) on the spectral curve S where S
is defined by q and L satisfies Lπ∗redK
−1/2 ∈ Prym(S,Σ) (or, equivalently,
σ∗L ∼= L∗π∗redK). The next Proposition shows that we have enough informa-
tion to describe the induced isogeny map on spectral data for the full fibers
over these points.
Proposition 37. Let q ∈ H0(K2) define a smooth spectral curve S. Let
(2Σ, E) and (S,L) be spectral data for SL(2,C)-Higgs bundles (E, 0) and
(V, ϕ) in the fibers h−1SL(2,C)(0) and h
−1
SL(2,C)(q) respectively. Then,
I2 : h−1SL(2,C)(0)× h−1SL(2,C)(q) −→ h−1SO(4,C)(2q, q)
((2Σ, E), (S,L)) 7−→ (+(2Σ ×Σ S),+∗(E ⊠ L)).(5.10)
2In particular, blowing-up commutes with passing to the completed local ring.
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Proof. We have the following Cartesian diagram:
2Σ×Σ S S
2Σ Σ.
p2
π˜p1 πred
̟
Note that̟ and πred are flat and so given (E , L) ∈ h−1SL(2,C)(2Σ)× h−1SL(2,C)(S)
we get̟∗(πred,∗L) ∼= p1,∗(p∗2L) and π∗red(p∗E) ∼= p2,∗(p∗1E). Thus, by the iden-
tities above and the projection formula,
π˜∗(E ⊠ L) = π˜∗(p∗1E ⊗ p∗2L)
∼= ̟∗ ◦ p1,∗(p∗1E ⊗ p∗2L)
∼= ̟∗(E ⊗ p1,∗(p∗2L))
∼= ̟∗(E ⊗̟∗(πred,∗L))
∼= ̟∗E ⊗ πred,∗L.
To complete the proof we need to show that π˜∗(E ⊠ L) ≃ π∗ +∗ (E ⊠ L).
It then follows a posteriori from the properties of the induced map on vec-
tor bundles that +∗(E ⊠ L) defines spectral data in the sense of Simpson
for an SO(4,C)- Higgs bundle, i.e. for a point in the fiber h−1
SO(4,C)
. More-
over, since π˜ := ̟ ◦ p1 = πred ◦ p2, locally π˜ = π ◦+, where π : X → Σ is
the usual finite morphism of degree 4. Thus π˜∗(E ⊠ L) ∼= π∗ +∗ (E ⊠ L), as
required. Finally, it should be noted that having shown that the spectral
curve in the image of I2 corresponds to that of an SO(4,C)-Higgs bundle,
through the usual direct image procedure (e.g. [13]), one obtains an orthogo-
nal Higgs field compatible with the orthogonal structure of the bundles. 
The SU(2) × SL(2,R)-Higgs bundles correspond to setting E = i∗E and
U = Lπ∗redK
−1/2 a point of order two in Prym(S,Σ). With N0(SO
∗(4)), N+
and N(SO(4,C)) as in Theorem 10 and Section 2.4.2 one has the following.
Proposition 38. With the above notation, if E = i∗E and U = Lπ∗redK−1/2
in Prym(S,Σ), one can write
(5.11) E ⊗ πred∗L ≃ πred∗E′ ,
where E′ is a bundle on S given by E′ = πred
∗E ⊗ L. Moreover E′ sat-
isfies the necessary conditions for (S,E′) to define a point in N(SO(4,C).
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Proof. The first statement is obvious since S is assumed smooth. Note that
the Prym variety Prym(S,Σ) can be characterized by those line bundles
U ∈ Pic0(S) which admit an isomorphism α : σ∗U ∼= U∗. Since πred is a ram-
ified double covering, the isomorphism α must satisfy t(σ∗α) = α. In partic-
ular, we have such an isomorphism for U = Lπ∗redK
−1/2, which induces an
isomorphism α : σ∗L→ L∗π∗redK with the same property. There is thus an
isomorphism σ∗E′
α−→ π∗redE ⊗ L∗. Moreover, since E is a rank 2 bundle with
trivial determinant, we identify E and its dual E∗ via ωE, so that
α′ : σ∗E′
∼=−→ (E′)∗ ⊗ π∗redK,
where α′ = π∗redω ⊗ α and
t(σ∗α′) = t(π∗redω ⊗ σ∗α) = −π∗redω ⊗ α = −α′.
This shows that E′ ∈ N(SO(4,C)).
Finally, recall from Section 2.4.1 that we need to consider Higgs bun-
dles contained in N+ := N+(SO(4,C)), where Higgs bundles have w2 = 0.
Hence, to see that the image lies inside N+ consider any line subbundleM of
E, so that we have 0→M → E →M∗ → 0. The line bundle L⊗ π∗redM is
a σ-isotropic subbundle of E′ of even degree and so E′ is indeed in N+. 
Remark 39. Let (πred∗L, πred∗η) denote the SL(2,R)-Higgs bundle defined
by the spectral data (S,L). Proposition 38 shows that the morphism I2 maps
((E, 0), (πred∗L, πred∗η)) 7→ (E ⊗ πred,∗L,ωE ⊗ ωL, Id⊗ πred∗η)
= πred,∗(E
′, η)(5.12)
where ωE and ωL are the symplectic forms on E and πred,∗L respectively,
coming from the identification SL(2,C) ≃ Sp(2,C). Thus, using nonabelian
spectral data on smooth curves for SU(2)-Higgs bundles and SO∗(4)-Higgs
bundles (as described in Section 5.2), the map on spectral data for generic
fibers of the Hitchin fibrations may be described by
((Σ, E), (S,L)) 7→ (S,E′).
Alternatively, if we regard the spectral curves to be the non-integral
curves defined by the characteristic equations, then the spectral data for the
SU(2)-Higgs bundle becomes (2Σ, E = i∗E). Combining Proposition 37 and
Proposition 38 we expect that the map induced by I2 can be described as
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((2Σ, E), (S,L)) 7→ (2S, (+∗(E ⊠ L)).
We shall conclude by considering the case in which E is a generalized line
bundle as in (2). Recall from Section 2.4.2 that the corresponding irreducible
components of h−1SO(4,C)(2q, q) are the Zariski closures of Ad(SO(4,C)), for
1 ≤ d ≤ 2(g − 1), and N(SO(4,C)). By Proposition 11 these components
can be described as fibrations over symmetric products of Σ, in which the
fibers are torsors for a Prym schemes Prym(YD, Y D). Exploiting the specific
structure of the ribbon 2Σ ∪ S reveals the abelian structure of these Prym
schemes:
Proposition 40. With notation as in Section 2.4.2 and Theorem 10, the
Prym scheme Prym(YD, Y D) is a smooth and connected commutative alge-
braic group of dimension
dim(Prym(YD, Y D)) = dimSO(4,C)(g − 1)
which fits intothesmooth fibration
(5.13) 0→ H1(Σ,K∗(D′))→ Prym(YD, Y D)→ Prym(S,Σ)→ 0.
Proof. From the exponential sequence (see e.g. [33, Section 9.2]) we obtain
0→ H1(S, π∗redK−1(D′))→ Pic0(YD)→ Pic0(S)→ 0.
Since the involution σ˜D lifts σ, the restriction of a line bundle on YD to S
above induces the epimorphism
(5.14) Prym(YD, Y D)→ Prym(S,Σ)→ 0.
Now, there is an involution on the space of global sections of π∗redK
−1(D′)
induced by the canonical linearization on π∗redK
−1(D′) and the Prym con-
dition tell us that the kernel of (5.14) is precisely the −1-eigenspace of
H1(S, π∗redK
−1). The proof can be completed by observing that
OΣ ⊕K−1
∼=−→ πred,∗OS
(s1, s2) 7→ π∗reds1 + λπ∗reds2
and σ∗λ = −λ. Finally, the dimension count follows directly from (5.13)
since dim(Prym(YD, Y D)) = g(S) − g + h1(π∗redK−1(D′)) which is given by
g(Y )− g(Y D) = dimSO(4,C)(g − 1), as expected. 
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5.4. Comments on mirror symmetry
We have studied the isogeny I2 which maps SU(2) × SL(2,R) onto the real
form SO∗(4) of SO(4,C). Considering the double cover of Spin(4,C) one
can study the conjectural support of the dual brane associated to the Higgs
bundle moduli space for SO∗(4). In what follows we shall make some remarks
concerning the conjecture of [15] on the support of the dual brane, with the
hope to shed light on some of its aspects.
In this case the Nadler group NSO∗(4) is isomorphic to SL(2,C) and
sits inside SO(4,C) = SO(C2 ⊗C2, ω ⊗ ω) as
{1⊗ g | g ∈ SL(2,C)} ⊂ SO(4,C).
Thus, conjecturally from [15], the dual brane should be supported on points
in the dual fibre whose underlying bundle is of the form O⊕2Σ ⊗ E, where E
is a rank 2 bundle with trivial determinant, and Higgs field have the form
Id⊗ ϕ, for ϕ ∈ H0(Σ, End0E ⊗K). In other words, the locus of the dual
brane should correspond to Higgs bundles of the form (E,ϕ) ⊕ (E,ϕ). In a
generic fibre, we can see this locus as
Prym(S,Σ) ∼= {[(L,O⊕2Σ )] | L ∈ Prym(S,Σ)} ⊂ N
∼= Prym(S,Σ)× UΣ(2,OΣ)
Pic0(Σ)[2]
.
Remark 41. This case presents two extra difficulties. One comes from
the fact that SO∗(4)-Higgs bundles never intersect smooth fibres of the
SO(4,C)-Hitchin fibration (in particular there is no known Fourier-Mukai
transform for sheaves on non-reduced curves). The other difficulty is that
the locus N0 of SO
∗(4)-Higgs bundles inside this fibre is not connected.
It is the hyperholomorphic sheaf which is expected to take care of the
second difficulty in Remark 41, and the dual brane to each connected com-
ponent of the locus of SO∗(4)-Higgs bundles should be supported on the
same hyperka¨hler subvariety. Hence, in terms of support, the main diffi-
culty to find the dual brane comes from the fact that there is no known
version of Fourier-Mukai providing an autoduality between these compacti-
fied Jacobians. However, one could construct the dual support thorough the
annihilator space inside the dual fibre.
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